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INTRODUCTION

Certain highly filled polymeric materials, such as those used in solid propellants and high
explosives, exhibit uniaxial behavior of the type illustrated by Fig. 1.t Although a linear
viscoelastic material would produce this form of stress-strain curve, a relaxation function
which reproduces the loading curve predicts much smaller values of the offset strains £11 £2

than those observed. In addition, it is frequently found that the offsets include a permanent
part, a feature not characteristic of linear viscoelastic solids, for which the equilibrium
modulus is nonzero. Alternatively, an elastic-plastic material with very small yield stress and
extreme work-hardening would exhibit a similar stress-strain picture, without the hysteresis,
but would not show the creep and relaxation typical of these materials.

The first attempt to model such filled polymers was by Farris and Fitzgerald[I], who
utilized U -norms of the strain history to characterize internal damage, which is thought to
be the cause of the plastic behavior described above. Later, Quinlan[8] introduced a theory
in which this damage is described by an internal state variable whose evolution is governed
by an ordinary differential equation, while Swanson, Christensen, and Christensen [9]
proposed a model in which the stress is a viscoelastic term multiplied by an affine function
of (/(m' where ( is the strain and (m its past maximum.:

The chief problem with the models developed by Farris, Fitzgerald, and Quinlan is their
complex nature, a factor which renders intuitive insight difficult and which leads to a
complicated program for the characterization of real materials. Indeed, all previous charac
terizations using these models [2, 3, II] have been based on least-squares procedures applied
to a large experimental base, with the entire base being used to determine the underlying
constants. As is well known, procedures of this type can lead to large errors when the model
is extrapolated outside of the experimental range.

Our purpose here is to develop a simple constitutive model for the materials discussed
above. We base this model on the following two hypotheses:

(i) There is a constitutive quantity, called the pseudo-stress 1t, which is related to the
strain through an elastic-plastic stress-strain law.

tSee [1-6). There is a Jarae literature on uUcoplastic materials, which display simi1ar charIcteriItic: of yield
and ftoW; the underlyinl constitutive equations, however, are completely different from thOle praented here. (See
[7].)

tEarlic:r, Mullins[lO) dilCUllCd a rate-independent constitutive equation Bivins the strain when the straI and
its put maximum are known, while Farris(2) and Gurtin and Francis[6] introducecl similar models bued on the
past maximum of strain. A different approach is taken by Schapery(12), who models dam. in tenDs of the
arowth and healinl of flaws.
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Fig. I. A typical experimental stress-strain diagram (here for PBX·9502).

(ii) The true stress (J is related to n through a linear viscoelastic law.
In this way the entire rate-dependent portion of the response is characterized by the
relaxation function of (ii) superposed over a rate-independent plastic behavior.t

We describe a systematic process for determining the relaxation function and the two
functions characterizing the plastic response from a series of three types of tests. We
illustrate our methods by application to three different materials: two plastic-bonded
explosives and an inert structural replica of such explosives.

1. THE MODEL

Keeping in mind the stress-strain: behavior illustrated in Fig. I, we first introduce a
constitutive equation describing one-dimensional compressive§ loading ofan elastic-plastic
material. Thus we write

(I)

where n = n(t) is the compressiveslress at time I, £ = £(/) is the compressive slrain at 1and~

£m(/) = max £(s)
os.s,

(2)

is the pasl maximum ofslrain.
Since we ascribe the plastic behavior to internal damage of the material, we shall apply

the adjective virgin to states in which £ =£m and damaged to those with £ < £m' Thus we refer
to the loading curve

n =g(£) =F(£, £)

as the virgin curve. We then rewrite (I) as

and call f the damage Junelion. Note that

(3)

(4)

(5)

tGurtin, in [13], originated the idea of superposition of linear viscoe1uticity to isolate rate effects; the
particular formulation of (13), based on the inverse (strain-stress) relation, does not IeDd itself to modeling
permanent deformation.

lHerc stress is (force)/(original area), while the strain is (change in IenJth)/(original lenJth).
§For convenie.ace we do not discuss tenaiJe loadinJ, which could be siJDiIarly mode1ed. The materials we

discuss are typically quite weak in tension and hence the compressive regime displays the most markedly inelutic
behavior.

llHere and in what follows we assume that £(1) = 0 for I < O.
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Fig. 2. The envelope repmcnts the virgin curve, while the lower segments represent unloading and

reloading while damaged. The material is 900-10.

and that we presume loading and unloading in the damaged regime to occur on the same
path. These constitutive relations are illustrated in Figure 2, which is taken from a test on
the real material 900-10 discussed later.

To introduce rate dependence into the model we shall regard n as a pseudo-stresst and
relate it to the slress u by a linear viscoelastic law:

u(t) =J: G(t - s)n(s) ds,

with G the stress-relaxation function. Of course we may eliminate n from (6) to obtain

u(t)= f: G(/-S)~F(£(S),£",(s»ds.

We note that G is accessible to a standard stress-relaxation test: if£(t) == £0 for an t > 0,
then the corresponding stress uco(t) is given by

uco(t) =g (£o)G(I).

If we normalize g so that g(£o) =£0, then we obtain Gas u41(t)!£o.

2. CREEP FORMULATION

Although the model is most easily visualized as presented in Section I, frequently it is
useful to have it reformulated using a functional which gives the strain in terms of the stress
history. Indeed, our experimental characterization is based on such a formulation.

Suppose that G is smooth (with G(O) > 0). Then we may solve

G(O)J(t) + f: G(s)J(t -s)ds = I (9)

to obtain the (unique) creep function J, and using J equation (6) may be inverted to give

n(/) = J: J(t - s)a(s) ds.

Correspondingly, if we suppose that

g(£) is continuous and strictly increasing,
f(£. £..) is strictly increasing in E for fixed E",.

(10)

tin practice it is convenient to render It dimensionless so that the relaxation function has the customary units.
Thus it would not be inappropriate to regard It as a pseudo-strain, as may be seen in what follows.
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we may write
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(11 )

where 1t", is the past maximum of 1t. Again k, which is the inverse of g, describes the virgin
response while h, which obeys

(12)

is the damage/unction. (We will establish the existence of the inverse relation (II) at the end
of this section.) We shall have occasion to use the nonlinearity function f defined by

f(1t) =k(1t).
1t

(13)

Consider now a standard creep test. If O'(t) =0'0 for all t > 0 then the corresponding
pseudo-stress 1to is

and the strain £"o(t) is given by

Thus

and as 0'0 goes to zero,

1to(t) = O'o1(t)

£"o<t) =k(O'o1(/»J(t)
0'0

lim £"0(1) = k(O)J(/).
°0-0 0'0

(14)

(15)

(16)

(17)

Thus at small values of stress the usual computation of linear viscoelasticity theory may
be expected to return an approximation to J(/), justifying our use of the term creep
function.

Finally, let us establish the existence of k and h, and the validity of (II) as inverse to
(4). We assume that £(/), and hence also n(/), is piecewise continuous. First note that

1t",{t) =max g (£",(s»/(£ (s ), £",(s» =max g(£",(s»,
sSI s<1

(18)

since /(£, £",) ::::; I and /(£"" £",) = 1. But since g and f.m are continuous and non-decreasing,

and as g is strictly increasing we may invert this relation:

£",(1) =k(1t",(/».

Next, we redefine / to find

1(£:, £",) =/(£, fIll)'

(19)

(20)

(21)
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Then

Thus

11'(/) ~( s(/) )
11'",(/) = 1 8",(1)' 8",(/) •

But J is strictly increasing in its first argument, so we may invert this to

and set

to obtain the desired relation.

(22)

(23)

(24)

(25)

3. CHARACTERIZATION

Here we describe, in general terms, a procedure for characterizing the response of a
material presumably modeled by this constitutive theory.

(i) DelerWlinlJtion of the relaxation function or creep function
Consider first a relaxation test. Then (8) yields

(flg(t) == g(£o}G(/),
£0

(26)

where g(s) = g(s)/s measures the deviation from linearity. Normalizing by g(eo) = 1 we
obtain a value for G. A useful test of the accuracy of the model is to run several tests at
different values of strain SltS2, ••• and then to verify that

(27)

is independent of time.

The corresponding creep test is intrinsically less accurate; eqn (16) gives

f._p(t) == £«(1~(t»J(t)
(10

(28)

with a factor £«(f~(/» which is predicted to vary in time. IfJ is bounded and (fo sufficiently
small, by (17), the error induced by taking f.rtJ(/)/(1o to be J may perhaps be negligible.

In any case it is possible to obtain either G or J from the other by solving (9). Ofcourse
this may be expected to introduce numerical errors.

The creep function J must be available to use in evaluating the remaining tests.

(ii) DelerWlinlJlion of the virgin response
Experiments involving monotonic loading now suffice to determine the functions g and

k. Taking the creep function J found in part (0, one may integrate it together with the
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experimental (1(t) to obtain 7[(t). Then a plot of 7[(t) versus the experimental £(t) reveals
the form ofg. In principle a single experiment suffices, but a useful test of the constitutive
hypothesis that J encompasses the entire rate dependence is afforded by taking a series of
such tests at differing rates and comparing the corresponding graphs.

(iii) Determination of the damage function
To determine the damage function it is necessary to have experiments involving

unloading, and, optimally, reloading, processes utilizing a large selection of values of £m
or 7[m' For example loadings such as those shown in Figs. 4 and II may be used. From
the experimental (1(t) one uses (10) to compute 1C(t) and then considers a 7[-( plot over
each interval on which £m is constant and £ < £m' The corresponding 7[-( plots, each for
a different value of Em' may be used to constructf(£, Em) by a two-variable fitting process.

Finally, note that to increase the accuracy of the numerical integrations necessary to
compute 7[ one could utilize tests of the form shown in Fig. 4, with the period between
the spikes sufficiently large to allow complete relaxation, so that the integration need be
performed only over each isolated spike.

4. TEST MATERIALS AND METHODS

Test materials
Most of our results concern an inert plastic-bonded material known as 900-10, which

is often used as a substitute for explosives in structural tests. It contains 46% barium
nitrate, 48% pentaerythritol, 2.8% cellulose nitrate, 3.2% tris beta chloroethyl phosphate
and 0.5% red dye by weight.

The second material studied is PBX-9502, a plastic bonded explosive. The material is
95% triaminotrinitrobenzine (TATB), an organic explosive in the form of fine crystals,
bound together with 5% Kel-F800, a plastic, namely poly(trifluorochloroethylcne).

The third material is PBX-9501, another plastic-bonded explosive. This material is 95%
tetranitro-tetraazacyc1ooctane (HMX), an organic crystalline compound, 2.5% Estane
5740, a polyurethane binder, and 1.25% each of the plasticizers bis(2,2 - dinitropropyl)
acetal/bis(2,2 - dinitropropyl) formal (BDNPA/BDNPF).

Test methods
Specimens were 41.3 mm dia. by 50.8 mm long cylinders usually instrumented with both

bonded strain gages and clip-on extensometers. The relatively low length-to-diameter ratio
suggests a possible problem with end-effects. However the bonded strain gages were located
on the specimens at the mid-point, and we used an elastic finite-element analysis to deduce
that the measured strains would not be seriously affected by the lateral frictional restraints
on the ends of the specimen, except near failure. Failure loads and strains near failure
condition could of course greatly be influenced by the end conditions. The strain gages
were 1/4" gage length biaxial gages mounted on opposite sides of the specimen.
Extensometers with 25 mm gage length were mounted straddling the strain gages. The
extensometers tend to exhibit hysteresis under reverse loading conditions, an effect that
became apparent when comparing the extcnsometer and strain gage results. Because of the
hysteresis and the enhanced end effects with the extensometers, we customarily used the
strain gage results.

There are two exceptions to this duplicate instrumentation method. In most early tests
only axial extensometers were used,t while creep data were obtained using only bonded
strain gages due to space limitations in the creep apparatus.

The constant-rate-to-failure and cyclic-load tests were all performed on a screw-driven,
servo-controlled, constant-rate testing machine. Early creep tests were done using a
lever-arm compression tester, while later tests were done in dead-weight loading frames
using a compression cage.

tThese early tests were done by R. Peeters and the techniques used are described in [141·
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Data acquisition methods
A data acquisition system driven by a desk top calculator was used to apply pulsed

excitation to the various strain gages and then to read the bridge output signals. The
voltage readings from the bridge were stored on a floppy diskette before being transferred
to a general purpose cofnputer for conversion to strain values and correction for thermal
effects and finally for display and manipulation as described below.

Construction and testing of a model
A typical experimental stress-strain graph for 900-10 was already given in Fig. I; the

corresponding results for PBX-9501 and PBX-9502 are essentially the same. Our tests did
not include stress-relaxation; hence we used the characterization in terms of J.

Simultaneous with this characterization we also constructed linear viscoelastic and
elastic-plastic models, a simple procedure within our framework: a linear viscoelastic
material has £(t) = net), while for an elastic-plastic material J is a constant.

The data, available in digital form as the 'experimental' functions O'(t), £(t), t ~ 0
showed typical irregularities. Hence each function J, g,fmeasured from experimental data
was smoothed using a least-squares fit in spline functions. Care was taken to ensure that
the error induced by the approximation is insensible in comparison with the experimental
and sample-to-sample errors. The latter errors were quite difficult to reduce. The materials
are quite temperature sensitive, and many tests were run at a highly variable "room
temperature". Corrections for thermal expansion were made, but of course the functions
J, g,fmay be expected to be temperature dependent. Further, the variation in properties
from one batch of materials to the next was significant and difficult to control.

Evaluation errors may be expected to arise mainly from two sources. The first is due
to the inaccuracy inherent in using creep data to approximate J, as previously discussed.
The second source of error is the numerical integration necessary for the computation of
n from 0'. There is reason to be suspicious both of very short time computations, in which
the experimental scatter in u and e due to start-up problems lead to integration errors, and
of long time computations, in which any computationally-practical mesh spacing is rather
coarse.

We now discuss, in detail, the characterization of ~10.
The evaluation of J was from creep tests at stress levels of 1-3 MPa. A spline fit with

knots spaced uniformly in each decade except the first and logarithmically there proved
quite acceptable.

Ramp tests were performed at three crosshead speeds, each a decade apart and the test
at the middle rate was used to determined the virgin curve k. The faster and slower tests
were then used as consistency checks (Fig. 3); these results will be discussed at the end of
this section.

The virgin curve £ =ken) determined in this way exhibited erratic behavior near n = 0;
to overcome this problem the value of the slope k'(O) was chosen so as to give good
agreement with the creep test used to determine J.

The damage function h was determined as discussed above using the test shown in Fig.
4. It was found that a damage function hen, n.) linear in n gave a satisfactory fit to the
data. There were two obvious model errors visible in our construction of h, each of which
may be removed only at the cost of great complexity and hence was allowed to stand. First,
the experimental damage curves showed hysteresis, an effect not predicted by our model.t
Second, it was found in the experiments that !(f.., f..) is not always equal to 1 (see (5»;
in detail, '" does not always return precisely to '"'" as e returns 8"" but only attains the
virgin curve after a small continued loading. (The discrepancy was less than 15% of the
total strain value.)

Overall it was felt that no gross defects of the model appeared in the process of its
evaluation. To test the model we considered other experiments and computed the strain
by applying J, h, and k to the experimental stress history 0'. The complete set of

tThat is, a hysteresis in the ~hutic-plastic part or the response above and beyond the hysteresis predicted
by the viscoelastic part or the response.
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Fig. 7. Comparison of experimental (C) and calculated (D) response for 900-10. The stress-rate is
10MPa/min.

comparisons consists of Figs. 3-7. As seen from Fig. 6, our model accurately predicts creep
response.

The comparisons for the ramp tests show greater variability. The predictions for the
test at SO Mpa/min, which was used in the characterization process, are-as to be
expected~xcellent. The agreement for the fastest test is superior to that for the slowest,
for which the predictions are not very good at the higher strain levels. These tests indicate
rate effects in the virgin curve different from those embodied in the creep function. It
should be born in mind, however, that these tests cover three decades, a nontrivial
time-span. The discrepancy could also be caused by sample-to-sample variation.

The predictions for the repeat sawtooth test (Fip. 4 and 5) are excellent. This test was
used to characterize the damage function and indicate that our method of modelling
damage is reasonable, as is our assumption of linear damage-curves. The portions of this
test not containing damaged states were not used in the characterization procedure, and
the excellent agreement there is reassuring.

The comparison of theory and experiment for the two-stage stress-relaxation test (Fig.
7) is not as good as the previous comparisons. The cause of the large diacrepancies is the
fint jump in strain, for which our predictions are far too high. However, this portion of
the test corresponds to extremely Jow amplitudes, while our characterization procedure
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concentrated on large-amplitude behavior. Further. as mentioned previously, the ramp
tests indicated somewhat erratic behavior at small strains, possibly due to initiation errors
in the experiments. The response following the second jump is also in error, but this error
is probably due to the discrepancy in the first jump. If the calculated amplitude is lowered
by an amount equal to the discrepancy atthc start of the second jump, then the resulting
error at t = 162 min. is less than 5%.

Elastic-plastic and linear viscoelastic models were also determined for the material
900-10, and typical comparisons are shown in FilS. 8 and 9. These models did not
characterize the material at all well: the elastic-plastic model led to erroneous results for
long-term stress relaxation (see Fig. 8), while the linear viscoelastic model did not yield
the requisite permanent offset (see Fig. 9).

Using the foregoing procedure we characterized the explosive PBX-9S02. This material
was only slightly viscoelastic, and the comparisons between tbeory and experiment were
uniformly excellent-far better than that for 900-10. Figures 10 and II indicate such
comparisons; these tests were not used to characterize the material. Similar results were
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obtained for the explosive PBX9501, which shows less pcnnanent defonnation but is much
more viscoelastic than 9502; sec Figs. 12-15. Again none of the tests plotted were used
in the characterization.

Figure 16 illustrates the difference in the response of the three materials.

CONCLUSIONS

The three materials modeled are similarly constituted but display behavior ranging
from relatively elastic (pBX-9502) to quite viscous (pBX-9S01). Thus 'we feel that they
provide a good test of the model and of the modeling procedure. Reviewing the results
we feel that the model offers a quite good, through not excellent, fit to these materials.
The chief advantage of this model is its relative simplicity. Characterization can be
obtained from one creep test, one ramp loading test, and one multiple loading-unloading
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Fig. 16. Comparison of creep compliance and constant rate loading (at compatable strain rates)
for the three materials modeled.

test, and these three, with perhaps six or eight more to test against, would constitute a
complete one-dimensional test program. An extension to three-dimensional loading, which
we are now testing, can be made relatively easily from one more series of tests.

The defects of the model seem to lie mostly in situations involving long term stress
relaxation (Figs. 7 and 14). We feel that this is intrinsic to the model and could be
eliminated only by introducing relations between (1 and 1t much more elaborate than (6);
it is not clear that in applications the increase in accuracy could justify the corresponding
increase in complexity.
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